ABSTRACT The development of integrated electricity and natural-gas energy system (IEGS) aims at improving the energy efficiency and realizing complementarity between different energy sources. However, co-optimization of the IEGS suffers from non-convex and nonlinear Weymouth equation. Focusing on the piecewise linear approximation methods of the IEGS, this paper compares with the formation, the computational speed, and accuracy of the existing piecewise linear approximation methods, and proposes a modification method that achieves both fast-processing and high-accuracy. The numeral testing results verify the effectiveness of the proposed method.
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NOMENCLATURE t

Index of time periods i
Index of non-gas generating units g Index of gas-fired generating units s Index of natural gas suppliers 
Electric load of load bus d at time t
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L l,t
Gas consumption amount of gas load l at time t P ngu i,t
Power generation of non-gas unit i at time t P gu g,t 
Element of non-gas-units-bus/ gas-fired-units-bus/load-bus incidence matrix S pl,b
Element of power transmission distribution factor (PTDF) matrix v
Element of gas-suppliers-nodes/ gas-loads-nodes incidence matrix π m /π n Gas nodal pressure of node m/n π min /π max Minimum/maximum nodal pressure f mn Gas flow from node m to node n σ mn,p , z mn,p Segment value and binary indicator variable for one-dimensional piecewise linearization Number of electricity network buses N L Number of gas loads N P Number of gas pipelines
I. INTRODUCTION
With the development of multi-energy systems, the connection between electric power systems and other energy systems (e.g. natural-gas, heat, cooling) is becoming closer. The integrated electricity and natural-gas energy system (IEGS) receives more and more attention, since it can improve the energy efficiency and help accommodating renewable energies [1] , [2] . Focusing on optimization technologies of IEGS, many research works are reported, including planning [3] - [5] , day ahead scheduling [6] - [10] , optimal power flow problems [11] , [12] , reserve allocation [13] , defense strategy [14] , etc. The optimization problems should not only consider the constraints of electricity energy system, but also take natural-gas flow constraints into account, since it has great impact on how much active power that gas-fired generators can produce. The relationship between gas flow and nodal pressure can be modeled by the Weymouth equation. However, the Weymouth equation is non-convex and nonlinear that imposes difficulties for finding the solution of the optimization problems. The methods to solve the non-convex and nonlinear IEGS optimization problem mainly include the following types, metaheuristic algorithm [4] , [5] , secondorder cone (SOC) relaxation [8] , [12] , and piecewise linear approximation [7] , [9] - [11] , etc. Though the metaheuristic algorithm (including GA [4] , PSO [5] , etc.) has advantages such as robust and intuitive, it is time-consuming and is difficult to guarantee the global optimum. SOC relaxation [8] , [12] is computational efficient, but it needs to reformulate the optimization problem into multi-level multi-iteration sub-problems, which can add difficulties to implementation. Piecewise linear approximation replaces the nonlinear and non-convex Weymouth function by piecewise linear segments, so that it can be solved by mixed-integer linear programming (MILP) [7] , [9] - [11] , which is a mature method to solve the power system scheduling problems. Piecewise linear approximation with MILP is fast, robust and can guarantee global optimality within predefined tolerances. These features make it good at solving the IEGS optimization problems.
Piecewise linear approximation for the Weymouth equation mainly includes two-dimensional approximation [10] , [11] and one-dimensional approximation [7] , [9] . Since the Weymouth equation reflects the tripartite relationship between the gas flow of a pipeline and nodal pressure at the two ends of the pipeline, the two-dimensional approximation [10] , [11] constructs a piecewise binary linear function of the three variables. One-dimensional approximation [7] , [9] needs to firstly transform the original Weymouth equation into a univariate function by variable substitution, and then implements piecewise linear approximation. Different approximation methods vary a lot in the computational efficiency and accuracy, but it has not been well discussed in the existing works [7] , [9] - [11] .
To fill this gap, this paper analyzes different piecewise linear approximation methods for IEGS scheduling in details, and then proposes a modified method to improve the accuracy of the approximation. The remainder of this paper is organized as following: Section 2 gives the overall mathematical formulation of the IEGS scheduling problem, Section 3 compares the existing piecewise linear approximation methods for IEGS optimization and further proposes a modification method. Numeral testing results are provided in Section 4. Finally, the conclusions are summarized in Section 5.
II. MATHEMATICAL FORMULATION OF THE IEGS SCHEDULING PROBLEM A. OBJECTIVE FUNCTION
The goal of the scheduling problem is to total operation costs of the integrated energy system. The objective function can be formulated as below:
The first term and the second term in (1) are, respectively, non-gas thermal generation cost and gas fuel cost.
The non-gas thermal generation cost consists of production cost, start-up cost and shut-down cost. And the gas fuel cost is the cost of purchased gas from gas suppliers. The optimization problem is subject to the following constraints:
The electric power system constraints are listed in (2)- (13), which includes the power balance constraint (2), generator capacity limit constraints (3)-(4), ramp rate limit constraints (5)- (8) , state transition constraints (9)- (12) , and the power flow capacity limit constraint (13) . Since the generating unit consists of non-gas and gas-fired units, constraints (3)- (12) are in pairs for both kinds of units, respectively.
C. NATURAL GAS SYSTEM CONSTRAINTS
The natural gas system constraints are listed in (14)-(18). Constraint (14) reflects the nodal balance between gas supply and demand. Constraints (15)-(16) are the wellknown Weymouth gas flow function, which describes the relationship between gas flow and nodal pressure. Constraints (17)- (18) give the minimum and maximum limitations of nodal pressure.
Constraint (19) is the coupling between electricity and natural gas systems. The output electric power of gas-fired generating units depends on the natural gas consumption of them.
III. PIECEWISE LINEARIZATION OF THE GAS FLOW FUNCTION
Among the all the formulas of IEGS optimization model, the Weymouth gas flow function (15)- (16) is nonlinear and non-convex that cannot be directly solved by many popular optimization techniques. Piecewise linear approximation can be adopted to solve this problem.
A. TWO-DIMENSIONAL APPROXIMATION FOR THE GAS FLOW FUNCTION
Two-dimensional approximation [10] , [11] has been proposed in some existing research works to linearize the gas flow function. To implement the linearization, the range of π m and π n ([π min m π max m ] and [π min n π max n ]) are divided into N m and N n segments. If π m is in the jth segment and π n is in the kth segment, the relationship between f mn , π m and π n can be approximately written by:
By introducing binary variables z m,j and z n,k , equation (20) and conditions (21)-(22) can be transformed to the following equivalent linear relationships:
The linearization needs to introduce N m + N n additional integer variables and N m + N n additional real variables, respectively.
B. ONE-DIMENSIONAL APPROXIMATION FOR THE GAS FLOW FUNCTION
It can be noted that the right side of equation (20) is a function of π 2 m and π 2 n . By introducing variables θ m = π 2 m , θ n = π 2 n , equation (20) can be replaced by: 
where z mn,p is the binary indicator variable.
C. ONE-DIMENSIONAL APPROXIMATION FOR THE INVERSE GAS FLOW FUNCTION
By calculating the inverse function, equation (31) can be transformed to the following equivalent form: 
D. MODIFICATION OF ONE-DIMENSIONAL APPROXIMATION FOR THE INVERSE GAS FLOW FUNCTION
In the piecewise linearization (37)- (40) 
To better approximate the original function (41), (46) needs to be modified. After samples f mn,p , ϕ mn,p are determined based on non-linear function (41), approximation error E mn p for each segment can be calculated as following:
Modification of sample ϕ mn,p is based on the value of E mn p and E mn p+1 , which can be written as following:
where ϕ mn,p is the modified sample. And then the parameter K mn p can be calculated based on ϕ mn,p instead of ϕ mn,p :
Equation (49) is a modification of (46) so that the approximation can be more precise. An example of conventional and modified one-dimensional approximation is shown in Fig. 1 . 
IV. TESTING EXAMPLES
In the testing examples, the accuracy of different approximation methods is examined, and then the proposed method is applied to the scheduling of 6-bus-6-node IEGS and 118-bus-10-node IEGS, to test the calculation speed and scheduling accuracy. The scheduling problems are solved based on MILP solver CPLEX with Intel i7-6820HQ CPU and 16 GB RAM.
A. ACCURACY ANALYSIS OF THE APPROXIMATION METHODS
Different piecewise linear approximation methods have different performance in the accuracy. Approximation accuracy is analyzed herein to evaluate different methods. For comparison, four different methods are compared: For comparison, the following methods are compared:
• Method 1: Two-dimensional approximation for the gas flow function, which is used in the existing research works [10] , [11] .
• Method 2: One-dimensional approximation for the Weymouth gas flow function.
• Method 3: One-dimensional approximation for the inverse Weymouth gas flow function. K mn p is calculated based on (46).
• Method 4: Modified one-dimensional approximation for the inverse gas flow function. K mn p is calculated based on (49).
The above four methods are methods introduced in section 3, subsection 3.1, 3.2, 3.3, 3.4, respectively. Considering a single gas pipeline between two nodes (which are denoted Node 1 and Node 2), the relationship between gas flow and nodal pressure can be established. The Weymouth equation coefficient C 12 is selected 50.6 kcf/Psig, the range of nodal pressure π min /π max are selected 55 Psig/120 Psig and 50 Psig/135 for two nodes, respectively, and the number of segments is N m = N n = N mn = 3. The linear approximation results of different methods are shown in Fig. 2 .
To further compare the accuracy of different methods, normalized root-mean-square deviation (NRMSD) is calculated for each method. NRMSD is defined by: Fig. 3 . From Fig. 3 it can be seen that the increasing number of segments makes the approximation more accurate. Method 1 and method 2 result in similar value of NRMSD. Comparatively, NRMSD of Method 3 is obviously smaller. Method 4 results in smallest value of NRMSD, and indicates best performance in accuracy.
B. SCHEDULING OF 6-BUS-6-NODE IEGS
To further examine the performance of different linear approximation methods in IEGS scheduling, a modified 6-bus power system with 6-node natural gas system is considered. As shown in Fig. 4 , the generating units include one non-gas unit (G1) and two gas-fired units (G2, G3). The gasfired units G2, G3 are supplied by gas from gas-node 1, 3 respectively. Other gas loads (fixed residential gas loads) are also considered in gas-node 1, 3. Two gas suppliers are connected to gas-node 4, 6 respectively. The parameters are listed in the Appendix, and the fuel price for non-gas generating unit and natural gas are of natural gas suppliers, respectively. It can be seen that Method 1-4 result in similar scheduling results of electric power generation whereas obviously different results of gas output, due to different way of processing Weymouth gas flow function.
To further compare the performance of Method 1-4, RMSD of gas flow are calculated. RMSD of the gas flow is calculated by:
where f mn,t is the gas flow of the scheduling results, and f * mn,t is the gas flow calculated by the nodal pressure (by (20)). The value of RMSD represents the accuracy of approximation. In addition, the processing time of Method 1-4 are compared. The results are shown in Fig. 6 . It can be seen that:
• The processing time of Method 2-4 is less than 2 s, which is much shorter than Method 1, due to the reduced dimension.
• The RMSD of method 4 is lower than any other method. The above results indicate both computational efficiency and accuracy of the modified one-dimensional approximation method (Method 4).
C. SCHEDULING OF 118-BUS-10-NODE IEGS
The 118-bus-10-node IEGS [10] is used to investigate the performance of different linear approximation methods. The electric power network is the same as IEEE-118 bus system whereas 8 generators are replaced by natural gas-fired generating units, remaining 46 non-gas-fired units. The natural gas system consists of 10 nodes and 10 pipelines. Parameters of the 118-bus-10-node IEGS system refer to [10] .
To implement piecewise linear approximation, the number of segments is set N m = N n = N mn = 2. Fig. 7 shows the RMSD and the processing time of Method 1-4. It can be seen that Method 1 results in comparatively smaller RMSD but the processing time is as high as 130 s. On the contrary, the processing time of Method 2-4 is only about 7 s, and the RMSD of method 4 is smaller than Method 2 and Method 3. These results are similar to that of Fig. 6 . 
V. CONCLUSION
This paper examines some of the existing piecewise linear approximation methods for the IEGS scheduling problem, and further proposes a modification method. The key finding of this paper can be mainly summarized as following:
• Different linear approximation methods vary in accuracy, and computational efficiency, and therefore result in different optimization results.
• Two-dimensional approximation of the gas flow function is intuitive and reasonable, but its computational efficiency is not high enough.
• One-dimensional approximation is computationally efficient, and one-dimensional approximation for the inverse gas flow function has obviously better performance in accuracy.
• Modification for one-dimensional approximation can remarkably improve the accuracy of the approximation without adding computational burden.
APPENDIX
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TABLE 4.
Gas supplier data of 6-bus-6-node IEGS.
TABLE 5.
Gas load data of 6-bus-6-node IEGS.
